Abstract. Let X → B be an elliptic surface and M(a, b) the moduli space of torsion-free sheaves on X which are stable of relative degree zeero with respect to a polarization of type aH + bµ, H being the section and µ the elliptic fibre (b ≫ 0). We characterize the subscheme of M(a, b) which is isomorphic, via the relative FourierMukai transform, with the relative compactified Simpson Jacobian of the family of those curves D ֒→ X which are flat over B. The main result is that this subscheme is a union of connected components of M(a, b). This generalizes and completes earlier constructions due to Friedman, Morgan and Witten. We also study the relative moduli scheme of sheaves whose restriction to each fibre is torsion-free and semistable of rank n and degree zero for higher dimensional elliptic fibrations. The relative Fourier-Mukai transform induces an isomorphic between this relative moduli space and the relative n-th symmetric product of the fibration.
Introduction
Recently there has been a growing interest in the moduli spaces of stable vector bundles on elliptic fibrations. Aside from their mathematical importance, these moduli spaces provide a geometric background to the study of some recent developments in string theory, notably in connection with the conjectural duality between F-theory and heterotic string theory ( [12] , [13] , [3] , [9] ).
In this paper we study such moduli spaces, dealing both with the case of relatively and absolutely stable sheaves.
For the sake of simplicity we only consider elliptic fibrations p : X → B with a section and geometrically integral fibres, and assume that the base scheme B is normal, i.e., it is regular in codimension 1.
The first part is devoted to the study of the relative moduli scheme M(n, 0) of B-flat sheaves on X → B whose restrictions to the fibres of X are torsion-free and semistable of rank n and degree 0. (One should notice that the case of nonzero relative degree is somehow simpler, cf. [13] , [6] ). Letp : X → B be the "dual" elliptic fibration ( [5] ) defined as the compactified relative Jacobian of X → B (actually, X turns out to be isomorphic with X). We prove that the relative Fourier-Mukai induces an isomorphism of B-schemes M(n, 0) ∼ → Sym we determine the Picard group and the canonical series of the relative moduli scheme M(n, 0). The second part of the work is devoted to the study of the moduli space M(a, b) of absolutely stable torsion-free sheaves on X with respect to a polarization of the form aH + bµ, where H is the section of p : X → B and µ is the pull-back of a polarization on B. In this part B is supossed to be a smooth projective curve. Given a sheaf F on X → B flat over B and whose restriction to the generic fibre is semistable, it's spectral cover C F ֒→ X (defined by the 0th Fitting ideal of the first Fourier-Mukai transform) may contain fibres of the projectionp : X → B and then it is not flat over B. If we remove the components of C F supported on fibres, we obtain a new spectral cover D F which is flat over B. An important observation (Theorem 3.20) is that this property is stil true when we consider sheaves defined X × T → B × T whose restrictions to the fibres over V × T (where V is an open subset of B) are torsion-free and semistable of degree zero.
Let H be scheme of all possible spectral covers wich are flat of degree n over B. H can be identified with the Hilbert scheme of sections of the projection M(n, 0) ∼ → Sym n B X → B. Let D → B × H be the "universal spectral cover". We prove (Theorem 4.9) that the Fourier-Mukai transform gives rise to an isomorphism between the compactified Jacobian J (D/H) of the universal spectral cover and a union M ′ (a, b) of connected components of the moduli space M(a, b) of absolutely stable sheaves on X. In particular we obtain that there is a fibration π : M ′ (a, b) → H whose fibres are generalized compactified Jacobians. The generic fibres, for instance the fibres π Since nonintegral (even nonreduced) spectral covers may appear in the theory, the compactified Jacobian of an arbitrary projective relative curve D → H is defined as the Simpson moduli scheme of H-flat sheaves on D whose restriction to every fibre is of pure dimension one, rank one and stable with respect to a fixed polarization. For those sheaves whose restricted spectral covers are integral, we recover the results already proved in [13] , but making no assumptions about the generic regularity of the restrictions of the sheaves to the fibres.
Elliptic fibrations and relative Fourier-Mukai transform
2.1. Preliminaries. All the schemes considered in this paper are noetherian and all the sheaves are coherent. Let p : X → B be an elliptic fibration. By this we mean a proper flat morphism of schemes whose fibres are geometrically integral Gorenstein curves of arithmetic genus 1. We also assume that the base B is a normal algebraic scheme over an algebraically closed field and that p has a section e : B ֒→ X taking values in the smooth locus X ′ → B of p. We write H = e(B) and we denote by X t the fibre of p over t ∈ B, and by i t : X t ֒→ X the inclusion. We denote by U ֒→ B be the open subset supporting the smooth fibers of p : X → B. Let us denote by ω X/B the relative dualizing sheaf. Then p * ω X/B is a line bundle O B (E) and ω X/B ∼ → p * O B (E), that is, K X/B = p −1 E is a relative canonical divisor. We denote, as is [8] , ω = R 1 p * O X ∼ → (p * ω X/B ) * , so that ω = O B (−E). Adjunction formula for H ֒→ X gives O H = ω H/B = ω X/B |H ⊗ O H (H), that is H 2 = −H · p −1 E as cycles on X.
By ( [19] , Lemma II.4.3) p : X → B has a Weierstrass form: the divisor 3H is relatively very ample and if V = p * O X (3H) ∼ → O B ⊕ ω ⊗2 ⊕ ω ⊗3 and P = Proj(S • (V )) (projective spectrum of the symmetric algebra), then there is a closed immersion of B-schemes j : X ֒→ P such that j * O P (1) = O X (3H). Moreover j is locally a complete intersection whose normal sheaf is
This follows by relative duality since ω P/B = Ω P/B ∼ →p * ω ⊗5 (−3),p : P → B being the projection, due to the exact sequence 0 → Ω P/B →p * V (−1) → O P → 0. The morphism p : X → B is then a l.c.i. morphism in the sense of ([14], 6.6) and has a virtual relative tangent bundle
Proposition 2.1. The Todd class of the virtual tangent bundle T X/B is
Proof. We compute the Todd class from
and Eq. (2.1) using that
Let Pic − X/B be the functor which to any morphism f : S → B of schemes associates the space of S-flat sheaves on p S : X × B S → S, whose restrictions to the fibres of p S are torsion-free, of rank one and degree zero. Two such sheaves F , F ′ are considered to be equivalent if F ′ ≃ F ⊗ p * S N for a line bundle N on S (cf. [2] ). Due to the existence of the section e, Pic − X/B is a sheaf functor. By [2] , Pic − X/B is represented by an algebraic varietyp : X → B (the Altman-Kleiman compactification of the relative Jacobian). Moreover, the natural morphism of Bschemes ̟ : X → X, x → m * x ⊗ O Xt (−e(t)) is an isomorphism. Here m x is the ideal sheaf of the point x in X t . The relative Jacobian J 0 → B of X as a B-scheme is the smooth locus X ′ ofp : X → B and if U ⊆ B is the open subset supporting the smooth fibres of p, one has J 0 U ≃ X U . As in [5] , we denote byê : B ֒→ X the section ̟ • e and by Θ the divisorê(B) = ̟(H). We write ι : X → X for the isomorphism mapping any rank-one torsion-free and zero-degree sheaf F on a fibre X t to its dual F * . Most of the results in [5] are also true in our more general setting, in some cases just with straigthforward modifications.
2.2.
Relative Fourier-Mukai transforms. The Fourier-Mukai transform was firstly defined by Mukai in [20] and has proven to be an important tool for the study ot the moduli spaces of sheaves on algebraic schems. The case of abelian varieties is considered in [20] and the case of K3 surfaces in [4] and [24] . Further applications of the Fourier-Mukai transform can be found in [21, 23, 18, 7, 26] . The relative version of this transform is also interesting (cf. [22] for a relative Fourier-Mukai transform for abelian schemes) and provides a description of the behaviour of D-branes under mirror symmetry in the case of elliptic K3 surfaces (cf. [5] ).
Here we consider an elliptic fibration p : X → B as above and the associated "dual" fibrationp : X → B. We shall define a relative Fourier-Mukai in this setting by means of the relative universal Poincaré sheaf P on the fibred product X × B X normalized so that P |H× B X ≃ O X as in [5] . P is also flat over X, and P * enables us to identify p : X → B with a compactification of the relative Jacobian J 0 → B ofp : X → B. For every morphism S → B we denote all objects obtained by base change to S by a subscript S. There is a diagram
We define the Fourier-Mukai functors S i S , i = 0, 1 by associating with every sheaf F on X S the sheaf of
. There is then a natural notion of WIT i and IT i sheaves. Definition 2.2. We say that a sheaf F on X S is WIT i if S j S (F ) = 0 for j = i. We say that F is IT i if it is WIT i and S i S (F ) is locally free. The following result is proved as in [5] :
The formation of S 0 S (F ) is not compatible with base change, but we have: Proposition 2.4. Let F be a sheaf on X S , flat over S. There exists a coherent sheaf
Proof. Let us write Z = X × B X and G = π * S F ⊗ P S . By (1.1) of [2] applied to the morphismπ S : Z S → X S and to the sheaves O Z S and G, there exists a coherent sheaf H(F ) on X S such that for every morphism W → X S and every sheaf N on W there is a functorial isomorphism
If we consider a morphism S ′ → S, applying the above formula for the open subsets U of X S ′ , we obtain an isomorphism [H( Proof. Take V as the complementary of the support ofπ S * (H(F )).
Let L be a sheaf on X S , flat over S, whose restrictions to the fibres of p S are torsionfree and have rank one and degree zero. Let φ : S → X be the morphism determined by the universal property, so that (1 × φ) * P ≃ L ⊗ p * S N for a line bundle N on S. Let Γ : S ֒→ X S be the graph of the morphism ι • φ : S → X. Lemma 2.11 and Corollary 2.12 of [5] now take the form:
We can also define Fourier-Mukai functors S i S , i = 0, 1 by associating with every sheaf G on X S the sheaf of X S
This Fourier-Mukai transform enjoys the same properties as S. The relationship between these functors is more neatly stated if we consider the associated functors
between the derived categories of complexes of coherent sheaves bounded from above. Proceeding as in Theorem 3.2 of [5] , and taking into account Lemma 2.6, we obtain an invertibility result:
In the language of derived categories, Propositions 2.3 and 2.4 take the following form: Proof. It follows from Corollaries 2.5 and 2.10.
There are similar properties for sheaves on X × T → B × T that are only flat over T .
Corollary 2.12. Let T be a scheme, and F a sheaf on X × B, flat over T . Assume that F is WIT 1 and let
of sheaves over X × T ′ . In particular F is flat over T if and only if , F B×{t} is WIT 1 on X B×{t} ∼ → X for every t ∈ T .
2.3.
Topological invariants of the Fourier-Mukai transforms. Our next aim is to compute the Chern classes of the Fourier-Mukai transforms. We restrict ourselves to the case of elliptic surfaces over a smooth curve B; this is the only case we need in this paper. In this case, if e is the degree of the divisor E on B, we have H · p * E = e = −H 2 . Moreover, K X/B = p * E ≡ e µ where µ is the class of a fibre of p. There are similar formulas forπ : X → B, namelly, Θ ·p * E = e = −Θ 2 and K X/B =p * E ≡ eμ. By Proposition 2.1 the Todd class of the virtual relative tangent bundle of p is given by
where w is the fundamental class of X. A similar formula holds forp.
Let f : S → B be a morphism and F a sheaf on X S flat over S. The topological invariants of the Fourier-Mukai transform S S (F ) = Rπ S * (π * S F ⊗ P S ) are computed by using the Grothendieck-Riemann-Roch theorem forπ S . The schemes involved may fail to be smooth and we need the Riemann-Roch theorem for singular varieties as stated in ( [14] , Cor.18.3.1). We first notice thatπ S is a l.c.i. morphism since it is obtained from p by base change, and that its virtual relative tangent bundle is Tπ S = (T X/B ) S . By ( [14] , Cor.18.3.1), we have
The Todd class td(T X/B ) S is readily determined from Eq. (2.2). The Chern character of P is computed from
where I is the ideal of the graph γ :
Lemma 2.13. The Chern character of I is:
Proof. I = (1 × ̟ −1 ) * I ∆ where I ∆ is the ideal of the diagonal immersion δ : X ֒→ X × B X. We are then reduced to prove that ch(I ∆ ) = 1 − ∆ − 1/2 δ * (p * E) + e δ * (w). We have ch(I ∆ ) = 1 − ch(δ * O X ). We now use the singular Riemann-Roch theorem for the diagonal immersion δ : X ֒→ X × B X to obtain
This is allowed because δ is a perfect morphism ( [14] Cor.18.3.1). Since B is smooth, X and X × B X are l.c.i. schemes and the corresponding virtual tangent bundles are
Moreover X and X × B X are embeddable in smooth schemes, so that By singular Riemann-Roch forπ S and the above computations we obtain: Proposition 2.14. Let F be a complex of sheaves on X S . The Chern character of the
Corollary 2.15. The first Chern characters of S S (F ) are
Similar calculations can be done for the inverse Fourier-Mukai tranform.
Corollary 2.16. Let G be a complex of sheaves on X S . The first Chern characters of
3. Moduli of relatively semistable degree zero sheaves on elliptic fibrations 3.1. Semistable degree zero sheaves on Gorenstein elliptic curves. We are going to describe S-equivalence classes of torsion-free semistable sheaves of degree 0 on a fibre X s and some properties of their Fourier-Mukai transform. The structure theorems are essentially contained in [1] and [29] in the smooth case and in [13] for Weierstrass curves and locally free sheaves. We denote by L 0 the only nonlocally-free rank 1 torsion-free sheaf of degree 0 on X s . Let F be a torsion-free semistable sheaf on X s of rank n and degree 0. By Theorem 1.1 of [13] , and using the same notation, there exists a unique (up to ordering) sequence L 1 , . . . , L r of degree 0 line bundles on X s , such that
Moreover, every subsheaf F (L i ) is a direct sum of indecomposable sheaves of the same type, that is, there exists a partition α(
where
Proposition 3.1. Every torsion-free semistable sheaf of rank n and degree 0 on
. . , L r is the corresponding sequence of degree 0 line bundles and the number n 0 of factors isomorphic to L 0 can be zero. We then write
Proof. By Eq. (3.1) we can assume that F is indecomposable and of the form F = F (L) for a torsion-free sheaf L of rank 1 and degree 0. We proceed by induction on n, the case n = 1 being trivial. For n > 1, there is an exact sequence
One easily observes that F ′ is an indecomposable torsion-free sheaf of rank n − 1 and degree 0 and that
Proposition 3.2. Let F be a zero-degree sheaf of rank n ≥ 1 on a fibre X s . Then F is torsion-free and semistable on X s if and only if S 0 s (F ) = 0, that is, F is WIT 1 . Proof. Assume first that F is torsion-free and semistable. The case n = 1 is Corollary 2.7. For n > 1, we can assume that F is indecomposable; as in the proof of Proposition 3.1, there is an exact sequence of torsion-free degree 0 sheaves
where L has rank 1. The claim follows by induction on n from the associated exact sequence of Fourier-Mukai transforms. For the converse, if F is WIT 1 , all its subsheaves are WIT 1 as well, and then F has neither subsheaves supported on dimension zero, nor torsion-free subsheaves of positive degree.
Proposition 3.3. Let F be a zero-degree torsion-free semistable sheaf of rank n ≥ 1 on a fibre X s .
The 0-th Fitting ideal
only depends on the S-equivalence class of F . Proof. 1. We can assume that F is indecomposable; as in above Proposition there is an exact sequence of torsion-free degree 0 sheaves
One has
F 0 ( F ) = r i=0 m n i i , where F ∼ r i=0 (L i ⊕ n i . . . ⊕ L i ) is
the S-equivalence given by Proposition 3.1 and m i is the ideal of the point ξ
where L has rank 1. It follows that the 0th-Fitting ideal of F is the product of the 0th-Fitting ideals of L and F ′ . Induction on n gives the result. 2. The description of the Fitting ideal follows from the previous properties and Corollary 2.7. Then length(O Xs /F 0 ( F )) ≥ n with equality if and only if either all points ξ * i are smooth or the exponent n 0 of the maximal ideal of the singular point ξ * 0 is equal to 1.
3.2.
Relatively semistable degree zero sheaves on elliptic fibrations. In this section we describe the structure of relatively semistable sheaves on an elliptic fibration p : X → B. Proposition 3.1 suggests that the moduli space of semistable sheaves of rank n and degree 0 on a single fibre X s is the n-th symmetric product Sym n X s . The tool for generalizing this statement to the elliptic fibration is the Fourier-Mukai transform. We start with the study of the Fourier-Mukai transform of a sheaf on X S → S. 
Let Hilb
n ( X/B) → B be the Hilbert scheme of B-flat subschemes of X of fibrewise dimension 0 and length n and let Sym n B X be the relative symmetric n-product of the fibration X → B. The Chow morphism Hilb
′ , where X ′ → B is the smooth locus ofp : X → B. Let us denote by M(n, 0) the (coarse) moduli scheme of B-flat sheaves on X → B whose restrictions to the fibres are torsion-free and semistable of rank n and degree 0. We denote by [F ] the point of M(n, 0) defined by a sheaf F . Let M(n, 0) be the open subscheme of M(n, 0) corresponding to sheaves whose restriction to each fibre is S-equivalent to a direct sum of line bundles (see Proposition 3.1).
Proof. Let M(n, 0) be the moduli functor of B-flat sheaves on X → B whose restrictions to the fibres are torsion-free and semistable of rank n and degree 0, and let M(n, 0) the open subfunctor corresponding to those sheaves whose restriction to each fibre is S-equivalent to a direct sum of line bundles.
1. Suppose we are given a morphism S → B and a S-flat sheaf F on X S → S defining a S-valued point of M(n, 0). Since Fitting ideals are compatible with arbitrary base changes, Proposition 3.3 entails that O X T /F 0 ( F ) is an S-valued point of Hilb n ( X ′ /B) which depends only on the S-equivalence class of F . So we can define a morphism of functors M(n, 0) → Hilb n ( X ′ /B). By definition of the coarse moduli scheme, this results in a morphism of B-schemes
To see that F ′ is an isomorphism we define a morphism G : Sym
. By the very definition of Sym n B X and M(n, 0), such a morphism is uniquely determined by a S n -equivariant
. Let S → B be a B-scheme and let σ : S → n B X be a morphism of B-schemes, that is, a family of points
* P is the sheaf on X S defined by σ i . Now, by Proposition 3.1 and Proposition 3. is an isomorphism. Then Zariski's Main Theorem implies that G is an isomorphism, and
There is a "determinant" morphism of B-schemes det : M(n, 0) → J 0 described on closed points by det([F ]) = [det(F )], where [det(F )] is the point of J 0 determined by det(F ). We denote by J n → B the relative Jacobian of line bundles on p : X → B of fibrewise degree n. Similarly, J n → B is the relative degree n Jacobian of p : X → B. Let us consider the following isomorphisms: τ :
where ξ i = [L i ]. Now we have:
There is a commutative diagram of B-schemes
where φ n is the Abel morphism of degree n.
Proof. Since M(n, 0) and J 0 are integral, we can check the commutativity of the diagram only for the closed points. Let F be a semistable sheaf on a fibre X s S-equivalent to a direct sum L 1 ⊕· · ·⊕L n of line bundles of degree zero. Then F([F ]) = ξ * 1 +· · ·+ξ * n , where ξ * i is the point of X defined by L * i , and φ n (ξ *
Eq. (3.2) gives the desired result.
The previous Theorem generalizes Theorem 3.14 of [10] and can be considered as a global version of the results obtained in Section 4 of [13] about the relative moduli space of locally free sheaves on X → B whose restrictions to the fibres have rank n and trivial determinant. Theorem 3.7 leads to these results by using the structure theorems for the Abel morphism. In order to derive them we start by reviewing some standard facts about φ n : Sym 
is a locally free sheaf of rank n and then defines a projective bundle P(P * n ) = Proj S
• (P n ) (the projective spectrum of the symmetric algebra). The following result is well known (see, for instance, [2] ):
′ is a hyperplane section. Moreover, Sym n B X ′ is dense in P(P * n ) and the above immersion induces an isomorphism Sym n U X U ∼ → P(P * n|U ).
If P n = (γ −1 ) * P n , by Theorem 3.7 and the above Lemma one has Proposition 3.9. There is a natural immersion of J 0 -schemes M(n, 0) ֒→ P( P * n ) such that Θ n,0 is a hyperplane section. Moreover, if M U (n, 0) is the pre-image of U by M(n, 0) → B, the above immersion induces an isomorphism M U (n, 0) ∼ → P( P * n |U ).
We now obtain the structure theorem proved in [13] . Let M(n, O X ) = (det) −1 (ê(B)) be the subscheme of those locally free sheaves in M(n, 0) with determinant class
Proof. It is enough to note thatê
3.3. The Picard group and the dualizing sheaf of the moduli scheme. Theorem 3.6 and Proposition 3.9 enable us to compute the Picard group and the canonical series of the moduli scheme M(n, 0).
Moreover, there is an isomorphism
Proof. By Theorem 3.7, the complement of M(n, 0) has codimension at least 2 in M(n, 0). By Proposition 3.9, M(n, 0) is a subscheme of P( P * n ) whose complement has codimension greater than 1, so that Pic(M(n, 0)) ≃ Pic(P( P * n )). Moreover, Corollary 3.10 implies that the class of the relative polarization Θ n,0 in Pic(M(n, 0)) goes to the class of O P( P * n ) (1) in Pic(P(P * n )). Finally, Pic( X) ∼ → Pic(J 0 ), and the result is now straightforward.
We assume now that B is smooth so that X (and X) are Gorenstein. Let K X be a canonical divisor in X.
Proof.
We have two open immersions j : M(n, 0) ֒→ M(n, 0) and h : M(n, 0) ֒→ P( P * n ) (Proposition 3.9), and then, a natural isomorphism between the restrictions of the dualizing sheaves j * (ω M(n,0) ) ≃ h * (ω P( P * n ) ). Relative duality for the projective bundle
, and then
Moreover, since M(n, 0) is the smooth locus of M(n, 0) ∼ → Sym n B ( X) and this scheme is normal, we have ω M(n,0) ≃ j * j * (ω M(n,0) ), thus finishing the proof.
3.4.
A global spectral cover construction. In this section we provide a global construction of the spectral cover described in [11] , [13] (sections 4.3 and 5.1) and [3] . Our definitions are in principle different but coincide for a large family of sheaves.
Definition 3.14. Let S → B a morphism and F a sheaf on X S → S flat over S. The naive spectral cover of F is the closed subscheme C F of X S defined by the 0-the Fitting ideal F 0 (S Lemma 3.16. If F is relatively torsion-free and semistable of rank n and degree 0 on X S → S, then: 1. C F → S is a finite morphism with fibres of degree ≥ n.
C F → S is finite and flat of degree n if and only if for every s ∈ V the retriction F s to X s is S-equivalent to a direct sum of line bundles of degree zero plus, at most, one copy of the unique nonlocally-free torsion-free sheaf of degree zero on
X s .
Assume that B is a smooth projective curve, V ⊆ B is an open subscheme and
S = V × T for certain scheme T . Then C F → S is a finite and flat morphism of degree n so that C F is a Cartier divisor of X S .
Proof. 1. Since the naive spectral cover commutes with base changes, (C F ) V → V is quasi-finite with fibres of degree ≥ n by Proposition 3.3; then it is finite by Zariski's Main theorem. 2 follows also from Proposition 3.3. To prove 3, notice that for every t ∈ T , V × {t} = V is a smooth curve and then (C F ) V ×{t} → V × {t} is flat since it is dominant because is finite.
When F s is unstable for a point s ∈ S, then C(F ) contains the fibre X s : Let
be a destabilizing sequence, where K is a sheaf on X s of negative degree. Then K is WIT 1 and K is torsion-free (see [6] ). Since
where L is a line bundle of positive degree on a fibre X s . To circumvent these problems,we will consider a spectral cover obtained by flattening the previous one. In order to give a precise definition it is better to exploit the isomorphism M(n, 0) ∼ → Sym ′ ≃ M(n, 0) → B, then g A : D A → B is flat of degree n and coincides with the spectral cover constructed in [13] . This can be easily seen from Proposition 3.9.
We now restrict our attention to base schemes of the form S = B × T , where B is a smooth projective curve and T is an arbitrary scheme. Proof. All fibres of g A are finite of degree n because of Remark 3.18.
Let now F be a sheaf on X × T → B × T . Assume that there is a non-empty open subset V ⊆ B such that if W = V × T ⊆ B × T , then the restriction F W is flat over W , fibrewise torsion-free and semistable of rank n and degree 0 on X W = X V × T → W = V × T . By (3) of Lemma 3.16, the spectral cover C F W → W = V × T is a finite and flat morphism of degree n and it is a Cartier divisor in X W = X V × T . 
The formation of D F → T is compatible with base changes on T , that is, if T ′ → T is a scheme morphism and
Proof.
(1) The unicity is clear, because if D F exists, it is the scheme-theoretic closure of C F W in X × T . One also sees that D F is a Cartier divisor. To prove the existence, let us assume first that T is a (maybe non-rational) point, that is, T = Spec K for an extension k ֒→ K. Then B K = B × T is a projective smooth curve over K and
of B-schemes, and we have only to prove that it can be extended to a morphism B K → Hilb n ( X/B). Since B K is a smooth curve, the existence (and unicity) of the extension is an straithforward application of the valuative criterion of properness for the morphism Hilb n ( X/B) → B. Let us denote by D K → B K the flat finite flat morphism D F → B K for T = Spec T whose existence we have proven. If T is a general scheme, that we can assume to be connected, we have then constructed for every point t ∈ T and every extension κ(t) ֒→ K, a coherent sheaf 
K for every t ∈ T and every extension κ(t) ֒→ K. Then, the support D F ֒→ X × T of O D F is the subscheme we are looking for.
(
for every t ∈ T , the claim follows. We takẽ H = aH + bµ for a > 0, b > 0 to be determined later. We can consider only the case K = κ(t).
(1) The Hilbert polynomial χ(O D κ(t) (mH)) depends on the arithmetic genus g(D κ(t) ) and on the degree of the divisorH
where g is the genus of B. Then, χ(O D κ(t) (mH)) depends only on H · D κ(t) and D 2 κ(t) . The same happens for the Hilbert polynomials χ(O C κ(t) (mH)), they only depend on H · C κ(t) and C 2 κ(t) . Since the family of the sheaves O C K is clearly bounded, there is a finite number of possible values for H · C κ(t) and C 2 κ(t) . But D κ(t) and C κ(t) differ at most on the fibres over the points of B − V , which are finitely many, so that there is a finite number of possible values for H · D κ(t) and D 2 κ(t) as well. Then, the set of the Hilbert polynomials χ(O D κ(t) (mH)) is finite.
2) Let us prove that O D κ(t) is (−1)-regular with respect toH, or in other words, that we have
H 0 (X κ(t) , O D κ(t) (−H)) = 0 and H 1 (X κ(t) , O D κ(t) (−2H)) = 0.
The first equality holds because O D κ(t) (−H) has negative degree as a sheaf on D κ(t) . Since there is a finite number of possible values for g(D κ(t)
) and H · D κ(t) , the second follows from Serre's duality since 2g(D κ(t) ) − 2 − 2a(H · D κ(t) ) − 2bn is negative for every t for a and b big enough. 
The spectral cover associated with F is the Cartier divisor D F ֒→ X × T given by Theorem 3.20.
We notice, that a sheaf F on B × T fulfilling the assumptions in Definition 3.22 is still WIT 1 (Lemma 3.5) and that by Theorem 3.20, the spectral cover D F is flat of degree n over B × T and it is compatible with base changes T ′ → T . D F is contained in C F , it consist of the closure of the part of C F obtained by removing the fibres X s contained in it. The flat spectral covercoincides then with the original C F when F is flat overB × T and relativelly semistable.
3.5. Pure dimension one sheaves on spectral covers. We know that if S = B ×T and F is an S-flat sheaf on X S → S, fibrewise torsion-free and semistable of rank n and degree 0, then F is WIT 1 and the spectral cover D F = C F → S is finite of degree n and contains the support of the Fourier-Mukai transform F as a closed subscheme containing a dense open subscheme. Then F = S 0 S ( F ) is the Fourier-Mukai transform of a sheaf F on D F . It is then natural to study sheaves on spectral covers and determine those sheaves on X S that we can obtain as their inverse Fourier-Mukai transforms.
The spectral cover D F → B × T → T can be considered as a flat finite family of curves (D F ) t ֒→ X of degree n over B. As the curves (D F ) t may fail to be integral we need to choose a polarization in them to be able to define rank degree and stability. 
In [28] Simpson defined the rank as the integer number r D (G)n and the slope as
. Stability and semistability considered in terms of Simpson's slope and in terms of our slope d D (G)/r D (G) are clearly equivalent. We have adopted this definition of rank and degree because they coincide with the standard ones when the curve is integral.
In the relative case, given a Cartier divisor D ֒→ X × T such that D → B × T → T is a relative flat curve of degree n over S = B × T , the relative curve D → T admits a relative polarization µ D of relative degree n given by the fibres ofp. We define the relative rank and degree of a T -flat sheaf G on D as above.
Proposition 3.24. Let g be the genus of B.
1. Let G be a rank n ′ sheaf on X S → S. Assume that G is WIT 1 and that the support of G is contained in D. Then c 1 (G) · µ = 0 and G has rank n ′ /n on D and degree
with respect to µ D , where c ′ = c 1 (G) · H. 2. Let F be a S-flat sheaf on X S → S, fibrewise torsion-free and semistable of rank n and degree 0, and let D F → T be the associated spectral cover. As a sheaf on D F → T , the restriction of the Fourier-Mukai transform F to the fibres has pure dimension one, rank one and degree
Proof. 1. By Corollary 2.15 we have
K X + eŵ = and K X ≡ (e + 2g − 2)μ, by the singular Riemann-Roch theorem on X we have
2. F is flat over S = B × T (Lemma 3.3) and then is flat over T as well. We can now assume that T is a point. If there is a subsheaf G of F concentrated on a zero-dimensional subscheme of D F , then G is WIT 0 as a sheaf on X and the inverse Fourier-Mukai transform S 0 (G) is a subsheaf of F = S 0 ( F) concentrated topologically on some fibres of p : X → B. Thus S 0 (G) is annihilated by a non-zero ideal of O B , so that F has torsion as a O B -module, which is absurd since it is flat over B and B is integral. Then F is of pure dimension 1. By 1, F has rank one on D F and degree c − ne + n(1 − g) − χ(D F ). The last equality follows by adjunction for the Cartier divisor D F ֒→ X.
Let D ֒→ X × T be a Cartier divisor such that D → B × T → T is a relative flat curve of degree n over S = B × T . Let L be a sheaf on D → T , flat over T , whose restrictions to the fibres have pure dimension one, rank one and degree r (cf. Definition 3.23).
Lemma 3.25. As a sheaf on X ×T → S, the sheaf L is WIT 0 and the inverse FourierMukai transform L is a S-flat sheaf on X × T → S of fibrewise rank n, torsion-free, of degree zero and semistable. Its relative Chern characters with respect to X × T → T are
Proof. L is WIT 0 as a sheaf on X × T → B × T since it is fibrewise concentrated on points. Moreover L is flat over B × T since it is flat over T and B is a smooth curve.
is a sheaf on X × T flat over B × T and commutes with base change. We can then assume that T is a single point. By the singular Riemann-Roch theorem, the Chern characters of L as a sheaf on X are ch
Formulas for the Chern characters of L now follow from Corollary 2.16 and Proposition 3.24. Then L has rank n and its relative degree is zero. Since for every point t ∈ B L |Xt is WIT 1 all its subsheaves are WIT 1 as well. Then L |Xt has neither subsheaves fibrewise supported on dimension zero, nor fibrewise torsion-free subsheaves of positive degree ( [6] ).
Moduli space of absolutely semistable sheaves on an elliptic surface
In this section we apply the theory so far developed to the study of the moduli space of absolutely stable sheaves on an elliptic surface. The first step is the study of the preservation of stability under the Fourier-Mukai transform. We shall see that stable sheaves on spectral covers transform into absolutely stable sheaves on the surface and prove that in this way one obtains a union of connected components of the moduli space of absolutely stable sheaves on the surface.
In order to avoid confusion, we shall adopt the following terminology: given a morphism f : Y → Z and a relative polarization H ′ on Y , we say that a sheaf F on Y is stable (resp. semistable) with respect to Y → Z if it is flat over Z and the restrictions of F to the fibres of f are stable (resp. semistable) with respect to the polarization induced by H ′ on the fibres of f . Then, if T is a scheme and we fix a relative polarization H ′ on X × T → T , a sheaf F on X × T is stable with respect to X × T → T if it is T -flat and for every point t ∈ T , the restriction F t of F to the fibre X × {t} = X is an absolutely stable sheaf on the surface X for the polarization H ′ t . Notice however that F is semistable with respect to X × T → B × T if it is flat over B × T and for every point t ∈ T the sheaf F t on the surface X is relatively semistable with respect to X → B.
Preservation of stablility.
We assume that B is a smooth curve. Let T be a scheme and D → B × T a spectral cover, that is, a Cartier divisor D ֒→ X × T flat of degree n over B × T . We write 1 − p for the Euler characteristic of D and ℓ = D · Θ.
Let L be a T -flat sheaf on D → T whose restrictions to the fibres are of pure dimension one, rank one, degree r and semistable with respect to µ D (Definition 3.23) . By Lemma 3.25, L is WIT 0 as a sheaf on X × T → B × T and L is a T -flat sheaf on X × T → B × T whose restrictions to the fibres are torsion-fre and semistable of relative rank n, degree zero and Chern character (n, ∆, s), where ∆ = ∆(n, r, p, ℓ) = ̟ −1 (D F ) − nH + (r − p + 1 + n(g − 1) − ℓ)µ and s = s(n, ℓ) = −(ne + ℓ)w.
Friedman and Morgan ([10] Th.3.3 or [11] ) and O'Grady ( [25] Proposition I.1.6) have proved that for vector bundles of positive relative degree there exists a polarization on the surface such that absolute stability with respect to it is equivalent to the stability of the restriction to the generic fibre. For degree 0, the result is no longer true, but if we consider semistability instead of stability we can adapt O'Grady's proof to show the following: Proof. We can assume that T is a single point. If the restriction F ν = F |Xν to the generic fibre is unstable, there exists a subsheaf G of F of rank n ′ ≤ n of fibrewise positive degree,
′ is strictly positive, and F is unstable as well. Proof. We can assume that T is a single point because L is flat over T (and over B ×T ) by Lemma 3.25 . If the statement is not true, given a, b, there exists a destabilizing sequence with respect to
where G is torsion-free of rank n ′ < n, E is torsion-free and H ′ -semistable and [ 
′ is strictly negative for b sufficiently large, which is absurd.
Then d ′ = 0 and the destabilizing condition is nc ′ > n ′ c. We will know get a contradiction by applying the Fourier-Mukai transform to Eq. (4.1). The sheaf G is WIT 1 since it is a subsheaf of L; E is WIT 1 as well by Lemmas 4.1 and 3.5 because it is torsion-free and H ′ semistable. We then have an exact sequence of Fourier-Mukai transforms 0 → G → L → E → 0 . By Proposition 3.24 G has rank n ′ /n and degree
on D and we have r = c−ne+n
We then obtain nc ′ ≤ n ′ c which is absurd. The same argument proves the stability statement. Proof. Every torsion-free rank one sheaf on an integral curve is stable.
Remark 4.4. In the case of non-integral spectral covers D → B, the stability condition for the sheaf L on D is essential because even line bundles may fail to be semistable. One may then have line bundles on D whose Fourier-Mukai transform is unstable. Let us consider, for instance, the exact sequence
where D = 2Θ. The Fourier-Mukai transform of this sequence is the exact sequence
where F is the rank 2 vector bundle on X obtained as the Fourier-Mukai transform of the line bundle L =p
One sees that F is unstable with respect to every polarization of the form aH + bµ unless e = 0. But according to Definition 3.23, one checks that the slope of L as a sheaf on D is −4e whereas the slope ofp * ω ⊗ O Θ is −3e. This proves that L is unstable on D, again unless e = 0, which agrees with Proposition 4.2. Actually, the structure sheaf O D is unstable as well.
Let us write ∆ = ∆(n, r, p, ℓ) and let aH + bµ be a polarization of X of the type considered in Lemma 4.1 for (n, ∆, s). We also assume that Proposition 4.2 holds for every r and with respect to aH + bµ. Let T be a k-scheme and F a semistable sheaf with respect to X × T → T for aH + bµ of relative Chern character (n, ∆, s). We assume n > 1.
By Lemma 4.1, there is an open V ⊆ B such that the restriction of F to X V × T → V × T is relatively semistable of relative rank n and degree zero. Then F is WIT 1 by Lemma 3.5 and by Theorem 3.20 we can consider its spectral cover D F (Definition 3.22). Let us denote by j the closed immersion of D F into X × T .
There are exact sequences Let us define η(F t ) by η(F t ) w = ch 2 (F t )−ch 2 (T t (D Ft )). By Corollary 2.15, ch 2 (F t ) = (c − 1 2 ne)w and since T (D F ) is flat over T and compatible with base change by the previous Lemma, the integer η(F t ) does not depend on the point t ∈ T when T is connected.
Definition 4.6. The invariant η(F ) is the discrete invariant given by on each connected component Z of T by η(F t ) for an arbitrary t ∈ Z.
Proposition 4.7. Let us take T as a single point.
1. If the naive spectral cover C F of F (Definition 3.14) is finite over B, then E = 0 so that η(F ) = 0 and the morphisms 
is torsion-free of rank n, so that T (D F ) has no subsheaves concentrated on points.
3. All sheaves in the above sequence have fibrewise degree zero and c 1 (
be a destabilizing exact sequence on D F . We have an exact sequence of Fourier-Mukai transforms
We notice that all sheaves in the diagram have degree 0 on fibres. Then, by the semistability of S 0 B (T (D F )) with respect to aH + bµ, we have c 
4.2.
Moduli of absolutely stable sheaves and compactified Jacobian of the universal spectral cover. In this subsection we shall prove that there exists a universal spectral cover over a Hilbert scheme and that the Fourier-Mukai transform embedds the compactified Jacobian of the universal spectral cover into the moduli space of absolutely stable sheaves on the elliptic surface. We also prove that the image of the embedding is open and closed, that is, a union of connected components. Most of what is needed has been proven in the preceeding subsection. Moreover, since the construction of the spectral cover is compatible with base changes, we can rephrase in functorial terms our statements to obtain the desired global results about the relevant moduli spaces.
Let H be the Hilbert scheme of sections of the projectionπ n : Sym
We can then mimic the spectral cover construction, and the relevant universal subscheme is now We know that there may exist absolutely stable sheaves on X whose restrictions to some fibres of X → B are unstable. However, as a consequence of Theorem 4.9, we have:
Corollary 4.10. Let T be an irreducible scheme and F a sheaf on X × T defining a T -valued point of M p,ℓ (a, b) (so, for every t ∈ T the sheaf F t = F |X×{t} on X is absolutely stable). If there is a point t 0 ∈ T such that the restrictions of F t 0 to all fibres of X → B are semistable, then for every point t ∈ T the restrictions of F t to all fibres of X → B are semistable as well.
